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The goal of the Capturing Quantities 
reasoning routine is to develop 
quantitative reasoning (Common Core 
State Standards [CCSS] Standards 
for Mathematical Practice [SMP] 2, 
Reason abstractly and quantitively 
[National Governors Association Center 
for Best Practices, Council of Chief 
State School Officers 2010]). In the 
routine, students identify quantities and 
relationships in a problem situation, 
work with a partner to create a diagram 
that shows all the quantities and 
the relationships among them, then 
share diagrams in the full group and 
discuss where/how they see various 
quantities and relationships in the 
diagrams. Finally, students reflect on 
what they have learned about reasoning 
quantitatively. 

Figure 2–1

The goal of the Connecting 
Representations reasoning routine is to 
develop structural thinking (CCSS SMP 
7, Look for and make use of structure). 
In the routine, students analyze and 
then work with a partner to connect 
two different types of representations, 
share and study connections in the full 
group, then create, share, and discuss 
a missing representation. Finally, 
students reflect on what they have 
learned about thinking structurally. You 
saw a glimpse of this routine in Mr. 
Ryan’s class in Chapter 1.

The Power of Reasoning Routines
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Four Reasoning 
Routines from 
Routines for 
Reasoning 

Each routine targets 

a specific standard 

for mathematical 

practice, but they all 

share common design 

features that keep a 

laser focus on math 

thinking and provide 

access to a wide 

range of learners. 

Each reasoning 

routine includes a 

brief description and 

visual that shows the 

repeatable flow. Icons 

within each visual 

highlight the designs 

for interaction—how 

students engage 

with each other, the 

content, and the 

teacher—that remain 

the same within each 

routine. Figure 2–1 (continued )

The goal of the Recognizing Repetition 
reasoning routine is to develop repeated 
reasoning (CCSS SMP 8, Look for 
and express regularity in repeated 
reasoning). In the routine, students 
engage in a counting, constructing, 
or calculating process and sense the 
regularity, share repetitions they are 
noticing, and then work with a partner 
to generalize the repetition. They then 
share and discuss generalizations in the 
full group, and finally, they reflect on 
what they have learned about reasoning 
through repetition. 
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The goal of the Three Reads reasoning 
routine is to make sense of math 
problems (CCSS SMP 1, Make sense 
of problems and persevere in solving 
them). In the routine, students read 
a word problem three times, each 
time for a different purpose. After the 
first read, students make sense of 
the context, answering, “What’s the 
problem about?” After the second 
read, pairs restate the question in their 
own words, and share and discuss 
their rephrased questions. After the 
third read, students identify important 
information and as a group share and 
record information. Finally, students 
reflect on what they’ve learned about 
reading and interpreting a math 
problem.
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CHAPTER

continued

Essential Strategy 1: Annotation 

What Is Annotation?
Simply put, annotation is a visual representation of a student’s verbal-
ized mathematical thinking. During a full-group discussion, annotation 
can help students connect what they are hearing their classmates say to 
what they are seeing to make sense of a mathematical idea. For exam-

ple, back in Chapter 1 Mr. Ryan used annotation to highlight, as a student was sharing, 
where that student had noticed 
“three groups of the same 
thing” in the visual and 
algebraic expression they had 
connected. Mr. Ryan’s annota-
tion included purposeful use 
of color (red to show the 
number of groups and blue to 
highlight what is in each group 
in both representations), words 
(“3 groups of”) and symbols (he 
drew a rectangle above the x 
and two squares above the 2, 
and placed an x inside the 
rectangle and a 2 on top of the squares in each row.) (See Figure 2–3.)

Annotation is not a one-time event; it unfolds as student thinking continues. In the 
case of Mr. Ryan’s class, after the initial connection was made and annotated, he asked 
students to turn and talk about where they saw the parentheses in the first visual. As 
students shared and rephrased 
the idea that “the parentheses 
are like the rows,” Mr. Ryan 
annotated the parentheses in 
red and then drew red paren-
theses around each row and 
added the numbers 1, 2, and 3 
to the rows (see Figure 2–4).

It is worth noting that we 
are talking here about annota-
tion as an instructional move 
the teacher makes during full-

3(x + 6)

3x + 2

3(x + 2)
3 groups of x + 2

Figure 2–3
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Figure 2–4
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Examples of annotations. Consider use of color, 

words, symbols, visuals, and so on.

Figure 2–5

Planning for annotation is critical in that it will help you to maintain focus on your 
goal and better position you to hear the thinking in students’ explanations and have 
some options for how to highlight that thinking. However, annotation is a responsive 
endeavor. It is crucial that in the moment you listen carefully to what your students 
are saying and annotate their thinking as it unfolds, instead of simply reproducing an 
annotation you prepared ahead of time. The goal of your annotation is to support your 
students as they make sense of and build on their classmates’ mathematical thinking. 

Implementing Annotating
In the classroom, the first step to annotating in the moment is listening carefully to what 
students are saying. That process begins before the class discussion as you tour the room 
listening in on partner conversations in advance of the full-group share. This allows you 
to get a sense of the thinking in the room and, ideally, select students to share particular 
lines of thought, as opposed to cold calling and not knowing what a student is going to say. 

Annotation is most powerful when teachers allow an idea to percolate before annotat-
ing. So, during full-group discussions, we recommend that you do not make any anno-
tations when a student idea is first shared. Feel free to point (or gesture) as the student 
initially shares their idea, then begin your annotation on the rephrase. We recommend 
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Figure 2–5
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Essential Strategies in the Routine
Each of the five essential strategies (annotation, AYQs, sentence frames and starters, the Four 
Rs, and turn and talk) are integrated in Decide and Defend (Figure 3–5). They all serve to 
develop students’ capacity to 
construct viable arguments 
and critique the reasoning of 
others, but AYQs, the Four Rs, 
and turn-and-talks play 
central roles in developing and 
communicating student 
thinking. 

Ask-Yourself 
Questions 
AYQs support students’ 
sense making during 
Parts 1 and 2 of Decide 
and Defend. Making 
sense of someone else’s 

thinking can be particularly 
challenging for students, and 
the AYQs support this 
process and avoid students 
shutting down out of frustra-
tion. The AYQs in Part 1 
(“What is the question they 
are answering?”; “What did 
they do?”; “What did they 
find?”) scaffold the interpreta-
tion process and reduce the potential for students to be overwhelmed. As students begin 
to decide if they agree with the reasoning, they ask themselves, Does the process make 
sense? and Does the answer make sense? and Are the calculations correct? These questions 
scaffold students as they dig into the worked example and provide multiple pathways into 

the decision-making process. Over time, students learn to ask themselves such 
questions as they interpret mathematical reasoning—including their own! 

Four Rs
In the Decide and Defend routine, students share, analyze, and critique multiple lines 
of thinking, including the thinking represented in the worked example as well as the 

2019 © All rights reserved. fosteringmathpractices.com
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continued

Surface area 

example from  

Mr. Driscoll’s class

serve as the worked example at the center of Decide and Defend. Before reading further, 
take a moment to interpret the task and the worked example. Ask yourself, What is the 
question asking? What did they do? What did they find? Then, continue to decide if you 
agree with the work by asking yourself, Does the process make sense? Does the answer 
make sense? Are the calculations correct? Annotate the worked example as you make sense 
of it, to support your thinking and to lay the foundation for a defense of your decision. 

Figure 3–6

[ CLASSROOM SNAPSHOT ]
Mr. Driscoll’s Seventh-Grade Math Class
Mr. Driscoll launches Decide and Defend by framing the thinking goal (to think 

and work as mathematicians, interpreting another’s reasoning, deciding if 
we agree with it, and defending that decision) and reviewing the agenda. He 
then shares that students will be analyzing a worked example from one of 
the geometry tasks from the previous day. He orients students to the AYQs 

“What did they do?” and “What did they find?” and projects the worked 
example. Students have individual think time to interpret the work, and then 

they share their findings with a partner. 
Mr. Driscoll listens carefully to how students are describing the work and 
selects Hugo and Daniella to share their thinking with the full group. As 

Daniella shares, Mr. Driscoll records for all students to see throughout the 
routine: They found the surface area by calculating the area of one side and 
multiplying it by 4, calculating the area of another side and multiplying it 
by 2, then added it all together.
Now, let’s jump in at the beginning of Part 3 as students enter the decision-

making process. 

PART 3: DECIDE
Mr. Driscoll projects a slide to frame the decision-making process and asks 
students to recall what effective annotation might include (color, labels, arrows, 
language, and so on). He then previews the decision-making process. 
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may want to start with a clean copy of the worked example, and some of 
you may want to continue on the copy you’ve both annotated already. The 
back side of your handout has a clean copy if you’d like one. In either case, 
it’s time to prepare what you will show and what you will say. You don’t 
need to write full paragraphs because you’ll be supporting your annotated 
work with what you say about it. Then, we will take a look at a few defenses 
in the full group.

Mr. Driscoll continues to observe and takes pictures of students’ work at vari-
ous stages of their thinking. He decides to ask three partnerships to share their 
defenses for very different reasons. He has all three pieces of student work ready 
to project onto the whiteboard so he and students can annotate and record on the 
work. (Some teachers put the papers under a document camera.) 

Mr. Driscoll wants to start by sharing Hugo and Daniella’s defense (see Figure 
3–7). They focused on calculations throughout their analysis. They checked the 
calculations in the worked example and recalculated the surface area on their 
own. They found a different answer and concluded that the work was incor-
rect. When Hugo and Daniella share their thinking, Mr. Driscoll will observe the 
class’s reaction—some students may disagree still, believing the work to be cor-
rect. Based on that observation, Mr. Driscoll will decide how much discussion to 
have around this partnership’s work.

Figure 3–7

 

Decide and Defend
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After the class analyzes Hugo and Daniella’s work, Mr. Driscoll plans to have 
May and Michael share their defense (see Figure 3–8). May and Michael had a long 
conversation about how this net drawing won’t fold back up into the original rect-
angular prism. This visual will help surface a justification for Hugo and Daniella’s 
claim and might serve as an interesting approach to defend it.

Figure 3–8

Mr. Driscoll plans to continue the class discussion by sharing Marco and 
Vanessa’s argument (see Figure 3–9). They dig into the reason why the original 
worked example is incorrect. He thinks this defense will help students articulate 
the connection between the calculations and the rectangular prism. Ideally, he’d 
like for students to identify one of the underlying concepts—that an irregular 
rectangular prism has three pairs of same-size faces and/or the three-dimensional 
figure has “hidden” sides whose dimensions can be determined from the two-
dimensional visual.

 

Figure 3–9
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Brandon: Can I add on? 

Mr. Driscoll: Of course, and Marco, can you continue to point as Brandon 
adds on to the discussion? 

Brandon: It looks like Marco and Vanessa found two sides that the original 
work didn’t have—the blue sides. 

Mr. Driscoll: Aah. That’s interesting. I’d like you all to consider those 
blue sides. How do you know their dimensions? (Mr. Driscoll pauses to 
give individuals a few seconds to consider his prompt.) Take a minute 
to turn and talk to your partner and together describe how you know the 

dimensions of the blue sides.

Mr. Driscoll listens as partners work to articulate how they know the dimen-
sions of the two sides. He hears one partnership, Lee and Priya, refer back to the 

original figure and how they could label each side length with its correct 
dimension. He thinks that their description will help concretize the missing 
side lengths, and prompts them to share when they return to the full group. 

As the discussion continues, Mr. Driscoll records language students are 
using and dimensions they are naming. By the end of the discussion, an or-
ganic word bank has developed on the board that includes: faces, bases, side 

length, congruent, rectangular prism. By the end of the discussion, Lee, Priya, 
and Mr. Driscoll have annotated and recorded on Marco and Vanessa’s work as 
shown in Figure 3–10.

Figure 3–10
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Essential Strategies in the Routine
As in our other routines, all five essential strategies (annotation, AYQs, sentence frames 
and starters, the Four Rs, 
and turn-and-talk) are 
integrated in Contemplate 
Then Calculate (see Figure 
4–9). They all focus students’ 
attention on structural 
thinking and support them 
in developing it, but annota-
tion and sentence frames and 
starters play a central role in 
capturing and communicat-
ing structural thinking. 

Annotation 
Contemplate 
Then Calculate 
uses annotation 
during the 
full-class discus-

sion (Part 4) to connect what 
students are saying to what 
they are seeing, to highlight 
students’ structural thinking, 
and ultimately to develop and 
solidify structural thinking—how students chunk, change the form, and/or make connec-
tions between and among mathematical representations and concepts. In addition, annota-
tion provides residue of the structural thinking so that students may refer to it later in the 
discussion or even another day. Although the purpose 
of annotation within Contemplate Then Calculate is to 
highlight structural thinking, recall the benefits we 
discussed in Chapter 2. 

Consider the annotation in Figure 4–10 of the task 
5 − 1 + 5 − 2 + 5 − 3 + 5 − 4. You can imagine all that 
students may continue to glean from it both during 
the discussion and even after it has finished. What 
noticings and structural features can you infer from 
the annotation in Figure 4–10? 

Contemplate Then Calculate
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Pairs

Reflect
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Thinking

Individual Write Time Pairs Share & Record

Discuss
Shortcuts

Share, Discuss, & Annotate
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Figure 4–10 Example of an annotation
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continued

The dot exercise

The annotation reveals attention to operations, with the purple arrows pointing to the 
addition signs, chunking the subtraction pieces by adding parentheses, and then chang-
ing the form by applying properties of addition to add 4 and 1, then 3 and 2, indicated by 
the red line segments. 

Sentence Frames and Starters 
Although we know that sentence frames and starters support students 
in general—to provide organization for thoughts, to provide language to 
get started, to give students a running start when they are hesitant to 
begin sharing, and so on—in Contemplate Then Calculate, the sentence 

frames and starters place a laser-like focus on structural thinking. The sentence frame 
“We noticed  so we ” steers students to their initial noticings rather than what 
they did or what answer they found. As we previously discussed, these initial noticings 
are the foundations for structural thinking. A similar sentence frame, “They noticed 

 so they  ,” focuses classmates’ attention on the structural thinking because 
they will use it to rephrase the shortcut. 

In addition, the essential strategies provide teachers opportunities to put the three 
teaching shifts (focus on thinking, step out of the middle, and support productive strug-
gle) into action. So, as you read the following vignette, pay attention to how the essential 
strategies play dual roles, supporting students and teachers. 

Contemplate Then Calculate in Action
In this vignette, we visit Ms. Clark’s sixth-grade class, focusing on the task in Figure 4–11. 
Before reading further, take a moment to interpret the visual. Ask yourself, What do I 
notice that might be mathematically important? Then, use one of your noticings to count all 
the dots without counting each one individually.

 

Figure 4–11

I noticed... 
so I knew... 

so I looked for..
...connects to...

because...
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As she listens in, Ms. Clark chooses strategies to share in the full group. She 
wants to focus student attention on the strategies that involve changing the form 
of the object because changing the form is the least developed aspect of structural 
thinking for her students. 

PART 4: DISCUSS SHORTCUTS
Ms. Clark brings the class back together and prompts three partnerships to share their 
counting shortcuts. After sharing two others, she invites Dwaina and Liz to share. 

Ms. Clark: So, let’s take a look at one more counting shortcut. Dwaina and 
Liz, could you share your strategy, starting with what you noticed? And, 
remember, if you are in the audience, you should be listening to what 
they noticed and be prepared to rephrase their strategy using the 
sentence frame “They noticed  so they  .”

Dwaina: We noticed the rectangular shape, so we tried to make the larg-
est rectangle we could. Just like Kit and Chelsey’s strategy, we slid the 2 dots 
on the left up and to the right, and the 2 dots on the right up and to the left. 

Ms. Clark: Like this? (Points and gestures)

Dwaina: Yeah, and then we almost had a complete 5-by-5 rectangle, or actu-
ally it would be a square I guess. So, we did 5 × 5 − 2. 

Ms. Clark: Who can rephrase Dwaina and Liz’s strategy starting with what 
they noticed? Conor? 

Conor: They noticed the rectangle and the 2s just like we did, but they 
changed it into a larger rectangle, or 5-by-5 square, but it wasn’t com-
plete, so they had to take 2 away. It’s like they fenced it in.

 X Notice how Conor uses the sentence frame to rephrase Dwaina and Liz’s 
thinking, starting with their noticing, which he and his partner also used. 
However, he was able to rephrase their strategy (and further his own structural 
thinking) after listening and watching Ms. Clark point and gesture.

Ms. Clark annotates as Conor rephrases, and the image looks like Figure 4–12.

Figure 4–12

I noticed... 
so I knew... 

so I looked for...
...connects to...

because...

Contemplate Then Calculate

89

Ms. Clark: I have a question for y’all. If you wanted to use this strategy 
again, what is it that you’d look for to make sure it would work? (She 
pauses, providing some private think time.) Turn and talk to your part-
ners. (She circulates to listen to student thinking and make decisions 
about what she’d like shared in the full group.) 

 XMs. Clark chose to dig into this strategy a bit more through a turn-and-talk to 
make the thinking explicit for all to understand and use again. Students are 
supported as they make sense of and extrapolate from their classmate’s short-
cut—they have private think time, an opportunity to talk with a partner, and 
can reference the visual residue left from the annotation.

Ms. Clark brings the class back together and asks Chelsey to share what 
she and Kit discussed, and she begins to add another layer of annotation.

Chelsey: We thought we’d have to look for empty spaces that were the 
same size as the extra dots. 

Ms. Clark: Katya, can you rephrase what Chelsey said in your own words? 

Katya: Yeah, she would see how many extra dots there were and then look 
to see if there were that many extra spaces. She could only add extras in 
if she could take them away from somewhere else. 

Dante: I’d like to add on to what Chelsey and Katya said because they 
could also look for empty spaces to fill in and subtract if they couldn’t really 
fill them in with the dots. That’s why you have to subtract the 2 from 5 × 5.

The final annotation looks like Figure 4–13.

Figure 4–13
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Figure 4–11

Figure 4–12

Figure 4–13
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Figure 5–4

Getting Started with Building in Designs for Interaction
1. Consider each chunk of the flow of your routine and how the think-pair-share 

cycle can support students as they make sense of the task and deepen and 
share their mathematical thinking. Sometimes one chunk may incorporate 
a complete think-pair-share cycle, while other times individual think time, 
partner work, and full-group share will span two chunks. 

2. Consider if there is a unique design feature that grows out of a particular 
goal you might have (i.e., math thinking, engagement, or discourse goal) that 
you would like to build into your routine. We encourage you to be selective 
and choose no more than one. Keep in mind that students will engage in this 
routine regularly and the designs must keep the focus on keeping all students 
thinking.

3. Consider how to weave in the essential strategies to get and keep all students 
thinking and talking mathematically. Identify where annotation will support 
both full-group and partner discussions. Craft AYQs and sentence starters 
and frames to orient sense making and support sharing.

Design Your Own Reasoning Routine
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Step 1: Launch the routine.

Step 2: Analyze the situation.

Figure 5–6
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Figure 5–6
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continued

Step 4: Analyze and adapt the model.

Step 3: Interpret the model.

Figure 5–6 (continued)
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Step 5: Reflect on your thinking.
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SurveyFigure 6–1

incorporate into your teaching. Is that still the one you’d like to start with, or has 
another essential strategy risen to the top of the list either because you see how it would 
support your particular students or because it aligns well with your teaching style, or 
perhaps it simply seems like the easiest one to master? If you are not sure yet (and even 
if you are!) we invite you to use the survey in Figure 6–1 to reflect on each essential 
strategy and identify one you would like to develop. 

Figure 6–1

Place an x  along the range that best captures your experience with each essential 
strategy.

1. Annotation

Never use it Use it regularly

2. Ask-yourself questions

Never use it Use it regularly

3. Four Rs: repeat, rephrase, reword, record

Never use it Use it regularly

4. Sentence frames and starters

Never use it Use it regularly

5. Turn-and-talks

Never use it Use it regularly
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the mathematical connection to place value by highlighting the 10s in green. All three 
annotations use color, but the color-coding in sample C draws student attention to the 
mathematical connections that this student used to develop their shortcut, and thus the 
structural thinking goal of the lesson.

Practicing Annotation Offline
One way to broaden your annotating repertoire is to practice annotating student think-
ing several different ways and reflect on which most accurately captures the thinking 
and highlights your math thinking goal. This type of exercise is something you can (and 
should!) do when you are planning for an instructional routine. Figures 6–5, 6–6, and 
6–7 show three sample tasks accompanied by student shortcuts that might occur in Con-
template Then Calculate. Think about the aspect of structural thinking you would like 
to highlight and write that down in the space provided for the structural thinking goal. 
Practice annotating the task multiple times. Reflect on the ways in which your annota-
tion helps students see the structural thinking and how closely the annotation hews to 
the student thinking. 

1. Structural Thinking Goal: ____________________________________________

Student thinking: “We noticed the symmetry and the columns of 2, so we 
got 6 and 1 more for the left side, doubled that, and then added the 2 in the 
middle.”

Figure 6–5

2. Structural Thinking Goal: ____________________________________________

Student thinking: “We knew that 40% is 25, and there are five 7s in 35, so 2 
of them would be 14.”

40% of 35    40% of 35    40% of 35

Figure 6–6

Making the Essential Strategies a Routine Part of Your Practice
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Figure 6–5

Figure 6–6

3. Structural Thinking Goal: ____________________________________________

Student thinking: “We noticed the pattern 2, 3, 4 and the 20, 30, 40 and 
that made us think of place value, so we added the 10s and got 90 and we 
added the 1s and got 5, 10, 15 plus 9 is 24, and just put the 24 and the 90 
together, and got 90, 100, 110, 114.”

2 + 25 + 3 + 35 + 4 + 45      2 + 25 + 3 + 35 + 4 + 45

2 + 25 + 3 + 35 + 4 + 45      2 + 25 + 3 + 35 + 4 + 45

Figure 6–7

Applying Annotation in the Moment
The best way to get comfortable annotating is to practice annotating in the moment. This 
type of thinking-on-your-feet practice helps you build your capacity to listen carefully 
to student utterances, make sense of them, connect them to your math thinking goal, 

and create visual residue that helps the rest of the 
class connect what they are hearing to what they 
are seeing and to mathematical thinking. As with 
any aspect of teaching that is responsive, you get 
better with practice. So, let’s practice.

We are going to return to the same three Contem-
plate Then Calculate tasks. By now you are quite 
familiar with them and how they can be annotated 
to show student structural thinking. For this activity 
we will use the general structural thinking goal: 
Think structurally by chunking, changing the form, and 
connecting to math you know.

Remember not to annotate 

right away; be sure to have 

students revoice each other’s 

thinking (for ownership) 

before you annotate. And 

always ask if that is how 

they were thinking about it.

—DS, Grade 6 math teacher
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